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Introduction

Polymer chains with one end grafted to an interface at high
enough density to form a brush configuration have been
extensively studied,1–4 with recent efforts focused on brushes
tethered to curved interfaces. These theoretical systems more
closely model self-assembled polymer structures and polymer-
stabilized colloids.5–14 Significant attention has been devoted
to mixed brushes containing (at least) two chemically distinct
polymers grafted to planar surfaces.15–17 However, mixed
brushes on curved surfaces have received less attention, but it
has been shown that self-assembled polymer structures contain-
ing polyelectrolytes are more favorable when consisting of
curved surfaces.18,19 Mixed brushes, besides being technically
relevant for mixed/multicomponent block copolymer self-
assembly and the creation of responsive surfaces,20 can exhibit
interesting phase segregation behavior on various length scales.
Brushes with fixed grafting points show many unique molecular-
scale phase separations both along the direction perpendicular
and in the plane of the grafting surface.20–23 Polymers with
mobile grafting points, such as block copolymer assemblies at
the air–water interface or in vesicles and micelles, can show
macroscopic phase separation.24,25 Recently, we studied, using
SCF theory, mixtures of incompatible polyelectrolyte and neutral
polymer brushes with mobile grafting points in a flat geometry
as might be encountered at an infinite air–water interface.26 The
mixed brushes favor a phase-separated state along the interface
as the grafting density is increased due to a larger contribution
from the polymer–polymer excluded-volume cross-interaction
which is dependent upon segment proximity. However,
increasing the effective charge on the polyelectrolyte chains
favors mixing due to a charge dilution associated with the
mixed state. This observation is in strong agreement with
the literature on homopolymer and diblock copolymer
mixtures.27,28 In the present paper, we examine the effect of
grafting surface curvature on these laterally mobile mixtures
of polyelectrolyte and uncharged polymer brushes (Scheme 1).
Specifically, the miscibility of two chemically incompatible
polymer species is studied as a function of the surface mean
curvature in two different interfacial geometries: spherical and
cylindrical. The SCF equations for a mixture of polyelectrolyte
and neutral polymer brushes26 were one-dimensionalized in
curvilinear coordinate systems and solved numerically. The one-
dimensionalized version of the free energy of mixing formalism
was analyzed to determine brush miscibility as a function of
surface curvature.

Self-Consistent-Field Theory

We have shown that, for a system of polyelectrolyte and

uncharged polymer brushes with added salt, the mean-field free
energy can be written as26
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where � is the inverse thermal energy, ε is the dielectric constant
of the system, Ψ(r) is the dimensionless electrostatic potential,
FP(r) is the segment density of a polymer of type P (denoted A
and C for neutral and charged chains, respectively), VPP′ is the
excluded-volume parameter describing the interactions between
polymers of types P and P′, FM(r) is the density of a small ion
of type M, cM is the bulk number density of small ions, nP is
the number of polymer chains of type P, GP(R′′ , R′, s) is the
Green function which gives the probability density of finding a
segment of polymer type P at a point R′′ after s steps along the
chain beginning at the point R′, and V is the system volume.
The density fields, electric potential, and Green functions can
be calculated from a set of self-consistent equations
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where NP is the number of monomer segments in a polymer
chain of type P, zM is the valency of the small ion, lB is the
Bjerrum length, zP is the valency of the polyelectrolyte segment,
f is the “smeared” charge fraction per polyelectrolyte segment,
b is the Kuhn length of the monomer, and Uex is the external
potential field with which the polymer segment is interacting.
This field takes the form given in eq 6 for the case of a mixture
of polyelectrolyte and neutral polymer brushes.

For solving eq 4 the following boundary conditions are used;
the electric field is zero at the grafting surface (∇ Ψ|surface ) 0),
and the electrostatic potential is zero in the bulk (Ψ|bulk f 0)
which imposes charge neutrality. This latter condition requires
that ∑ M zMcM ) 0 for an electrically neutral polyelectrolyte
brush system with infinite size. Thus, these equations are limited* To whom correspondence should be addressed. E-mail: yywon@
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to systems containing added salt, not just counterions. In eq 5,
the delta functions on the right-hand side represent the initial
condition used to solve the partial differential equation. The
boundary conditions for the Green function are a nonadsorbing
surface (G|surface ) 0) and the fact that no monomers can exist
farther from the surface than the full contour length of a chain
perpendicular to the surface (G|contour length ) 0). Employing the
standard volume elements and Laplacian operators, the SCF
equations can be formulated in both cylindrical and spherical
coordinate systems. Assuming that the grafting density is
sufficiently high to form a brush structure and any mixed states
are thermally averaged, the variation in the system occurs only
in the radial direction. Thus, the equations can be made one-
dimensional and are readily solved. The binary free energy of
mixing, as a function of the composition of polyelectrolyte
chains, xC, can be calculated in the standard way as

∆Fmix )F(xC)- xCF(xC ) 1)- (1- xC)F(xC ) 0) (7)

By analyzing the free energy of mixing, spinodal and binodal
curves for phase separation can be constructed by varying a
system parameter, such as surface radius, and calculating the
compositional limits of stability. Recall that the free energy of
mixing formalism does not say anything about the nature of
any “phase separation”; rather, it states when the thermally
averaged (in all directions except radially) mixture is thermo-
dynamically unstable. See ref 26 for a detailed description of
the numerical process.

Results and Discussion

The miscibility of the mixed brush system is governed by a
balance between like-chain and unlike-chain interactions; cross-
interactions between unlike chains in an incompatible mixture
(i.e., repulsion between different types of chains) drives phase
separation, whereas self-interactions (like-chain repulsion of
electrostatic and/or osmotic origin) drive phase mixing. Increas-
ing surface curvature will reduce both of these driving forces
for phase separation and mixing due to dilution of space. In
the high salt concentration limit, the net effect of increasing
the curvature will be determined predominantly by which one
of the two types of interactions (i.e., self- vs cross-interactions)
is dominant and can be considered in terms of the onset of
mixture instability. Figure 1 shows a plot of the critical value
of the cross excluded-volume parameter, VAC, against the critical
charge fraction for low (≈0) curvature (solid curve) where the
chain length is N ) 50, the Kuhn length is b ) 7 Å, the grafting
density is σ ) 0.01 Å-2, the added salt concentration is cM )
150 mM, and the excluded-volume parameters are VAA ) 125
Å3 and VCC ) 35 Å3. Under these conditions the average

chain-to-chain separation is roughly half the radius of
gyration; hence, the configurations represent a true polymer
brush. This plot was constructed by noting what value, in flat
geometry (the radius of curvature (R) was set at 5 × 107 Å for
these calculations), of VAC caused a change in curvature of ∆Fmix

at constant values of f. See the Supporting Information for
representative examples of the free energy of mixing plots. Also
shown in the figure for comparison is the phase separation
boundary for the case of curved spherical (R ) 50 Å) interfacial
geometry (broken curve). In either case, above the phase
separation boundary, the mixed brush system becomes phase
separated, and below the curve, the system is in the mixed state.

To confirm that the above (mixture instability) criterion is
capable of predicting the exact conditions for the switching of
the trend in the effect of curvature, the parameter space is probed
by systematically varying f and VAC and examining the ∆Fmix

vs xC profile at high and low curvatures to determine which
case showed higher miscibility which is defined to be the system

Scheme 1. Illustration of Mixed (Left) and Unmixed (Right) States for Uncharged and Polyelectrolyte Polymer Brushes Grafted to
Curved Interfaces with Mobile Grafting Points

Figure 1. Plot of critical cross excluded-volume parameter, VAC, as a
function of smeared charge fraction, f, for chains of N ) 50, Kuhn
length b ) 7 Å, grafting density σ ) 0.01 Å-2, excluded-volume
interaction VAA ) 125 Å3, and VCC ) 35 Å3. The solid and broken curves
respectively represent the phase separation boundaries for the cases of
flat (R ) 5 × 107 Å) and curved spherical (R ) 50 Å) interfacial
geometries; above the respective curve, the system becomes phase
separated, and below the curve, the system is in the mixed state. The
bulk salt concentration is cM ) 150 mM. The parameter values used to
test the effect of surface curvature on the miscibility of the brushes are
indicated: (2) showed increased miscibility with increasing curvature
(from R ) 5 × 107 to 50 Å), (b) showed decreased miscibility with
increasing curvature (from R ) 5 × 107 to 50 Å), and (9) location of
constructed composition-mean curvature phase diagram (shown in
Figure 2).
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with the more negative free energy change of mixing that does
not show any region of thermodynamic instability. In the
demixing dominant region, which appears above the large radius
curve, the polymer–polymer cross excluded-volume parameter
dominates. Curving the grafting surface dilutes space as a
function of radial position, thus decreasing the strength of this
interaction which is highly dependent upon the relative proxim-
ity of the monomer types. In all cases probed (the points denoted
with triangles in Figure 1), the two chain types were found to
be more miscible at higher curvatures because below the small
radius curve, mixture instability does not occur at high curvature.
Even in the region where demixing occurs at low curvature,
above the small radius curve, the phase envelope is much wider
at low curvature, indicating greater instability. To further
illustrate the effect of surface curvature on the miscibility of
the mixed brushes in the excluded-volume dominant regime,
the point f ) 0.15 and VAC ) 125 Å3 is chosen (see Figure 1)
for construction of phase diagrams. Plots of binodal and spinodal
compositions calculated for this condition as functions of the
mean curvature, 〈h〉 , of the grafting surface for cylindrical and
spherical mixed brushes are shown in Figure 2. The system

shows phase separation at zero curvature, and increasing the
surface curvature reduces the driving force for phase separation,
eventually leading to the closure of the two-phase envelope.

In the mixing dominant region, which appears below the large
radius curve in Figure 1, the positive like-chain excluded
volumes and electrostatics dominate. These interactions favor
a mixed brush state, and they also weaken as the space is diluted
due to an increase in the curvature of the grafting surface. Since
these terms dominate the interactions, reducing their strength
reduces the overall favorability of the mixture. Thus, if phase
separation were to occur in this regime, it would be possible to
see a lower critical curvature value. The parameter space for
spherical geometry is systematically explored attempting to find
this type of behavior for values of the smeared charge fraction,
f, between 0 and 0.25 and the cross excluded-volume parameter
between values of 40 and 185 Å3. See Figure 1 for the actual
points in the f vs VAC plane for which the free energy changes
of mixing, ∆Fmix, were examined as a function of polyelectrolyte
chain composition, xC, for various values of the spherical surface
radius, R. In the region far from the onset of thermodynamic
instability, the system is too deep in the mixed state with zero
curvature. Although increasing the curvature causes ∆Fmix to
be increased, this change is not sufficient to induce phase
separation at reasonably small radii. On the other hand, near
the boundary, the two driving forces are nearly balanced. Yet
this balance is not symmetric with regards to composition;
meaning, depending upon the value of f, both the higher and
lower curvature systems could show more favorable mixing
across the range of compositions. Of course, the lower curvature
systems always approach instability first; see Supporting
Information for plots illustrating this trend. For these reasons,
in the mixing dominant regime we found no evidence for lower
critical-type phase separation.

Conclusions

The effect of surface curvature upon the phase behavior of
the mixed brush case was elucidated. In the regime where phase
separation occurs in the flat limit, the effect of curving the
surface is to favor a mixed state. This is due to a reduction in
the contribution of the polymer–polymer cross excluded-volume
interaction resulting from the spatial dilution of the curved
geometry. However, in the regime where the electrostatic and
excluded volume self-interactions are stronger than the cross
excluded-volume contributions, less favorable mixed states can
be found at higher curvature. This trend is, however, in general
too weak to result in actual phase separation.
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